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Abstract 
By using the first-principles calculations, the band gap properties of nanotubes formed 
by group IV elements have been investigated systemically. Our results reveal that for 
armchair nanotubes, the energy gaps at K points in Brillouin zone decrease as 1/r 
scaling law with the radii (r) increasing, while they are scaled by -1/r2+ C at Γ points, 
here, C is a constant. Further studies show that such scaling law of K point is 
independent of both the chiral vector and the type of elements. Therefore, the band gaps 
of nanotubes for a given radius can be determined by these scaling laws easily. 
Interestingly, we also predict the existence of indirect band gap for both germanium 
and tin nanotubes. Our new findings provide an efficient way to determine the band 
gaps of group IV element nanotubes by knowing the radii, as well as facilitate the 
design of functional nano-devices. 
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1. Introduction 
Very recently, the new two-dimensional (2D) monolayer of tin has been 
experimentally realized via epitaxial growth method [1]. That is to say, since we obtain 
graphene, we have almost realized all the 2D monolayers in group IV successively by 
various approaches expecting for metal lead element [2-6]. Like graphene, the other 
group IV monolayers, namely, silicene, germanene, and stanene, also behave like 
massless Dirac fermions properties, which give rise to ultimate high charge carrier 
mobility. Also, these 2D monolayers are promising to support 2D quantum spin Hall 
states and provide enhanced thermoelectricity, topological superconductivity and the 
quantum anomalous Hall effect, and so on [7-11].  
Similarly, the one dimensional nanotubes based on those group IV elements have 
also attracted increasingly interests with the achievement of these two-dimensional 
monolayers. In fact, carbon nanotubes (CNTs) have aroused considerable scientific 
interests due to their novel electronic properties and applications in many fields even 
earlier than graphene, such as CNT canning probe, CNT field effect transistors, 
intermolecular metal-semiconductor heterojunctions diodes, single electron tunneling 
devices, CNT field emitters, CNT sensors composites [12-18]. As we known, one 
intriguing property of the carbon nanotubes is that they can exhibit metallic or 
semiconductor properties depending on their chiral vectors. For armchair carbon 
nanotubes, they always exhibit metallic properties, and there is a metallic – 
semiconducting oscillation with a period of 3 for zigzag carbon nanotubes. For silicon 
nanotubes, due to their unique gear-like structures caused by partial sp3 hybridization, 
previous studies reveal that the armchair nanotubes exhibit semiconductor properties 
with decreasing band gaps as radii of nanotubes increase. On the other hand, band gaps 
also oscillate with a period of 3 for the zigzag silicon nanotubes. [19-21]. Ac
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Structurally, the single wall nanotubes (SWNTs) can be considered as quasi-one-
dimensional tubular structures rolled up from 2D monolayer sheets, and chiral vector 
(m, n) has been introduced to describe the circumferential of nanotubes. Therefore, 
electronic properties of carbon SWNTs can be deduced from that of 2D graphene by 
Brillouin zone (BZ) folding scheme [22-24]. Following this assumption, one can 
conclude that the nanotubes in group IV elements will exhibit similar electronic 
properties. Since stanene was experimentally realized recently, there are also various 
theoretical investigation about the electronic properties of tin monolayer, as well as the 
nanoribbons [25-27]. However, tin nanotubes have not been discussed yet, and the 
electronic properties of those nanotubes are still elusive. Therefore, in this paper, by 
using first-principles calculations, we investigate the generality of the band gap 
properties of a large range of carbon-, silicon-, germanium- and tin-based SWNTs. 
Armchair nanotubes (m, m) and zigzag nanotubes (m, 0) are constructed and their band 
structures are studied systematically. Our results show that band gaps of these 
nanotubes obey two universal scaling laws at K (k = 2π/3a) and Γ points, respectively. 
Based on these two scale laws, we present a simple way to determine the band gaps of 
nanotubes of IV group elements only with their radii. 
2. Computational method 
In the implementation of our first-principles calculations, we use the Vienna ab-
initio simulation package (VASP) to solve the Kohn–Sham equations within the 
framework of density function theory [28-30]. The Perdew-Burke-Ernzerhof [31] 
generalized-gradient approximation is adopted in describing the exchange-correlation 
interaction. The Brillouin zone sampling using Monkhorst-Pack scheme is carried out 
with 1×1×13 meshes for armchair nanotubes and 1×1×11 meshes for zigzag nanotubes Ac
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[32]. The plane-wave cutoff energy is set to 800 eV for carbon and 500 eV for silicon, 
germanium and tin, respectively. The Gaussian smearing factor is set to be 0.05 eV, 
and the vacuum layer larger than 18 Å is employed to ensure the decoupling of repeated 
nanotubes in all calculations. In order to optimize the geometric structures, we relax all 
the atoms in the systems until the atomic force on each atom is less than 0.02 eV/Å, we 
also have checked the accuracy with the atomic force on each atom less than 0.01 eV/Å 
and we find the present results can well describe the band gap properties of group IV 
nanotubes. Moreover, we have checked our results by including the vdW corrections 
within the method of Tkatchenko and Scheffler [33], and the results show that the 
influence of vdW can be ignored when discussing the band gaps of single-wall 
nanotubes. For the discussion of the thermodynamic stability, the phonon spectrums 
are calculated by using the package phonopy [34] with the forces calculated with VASP 
code. 
3. Results and discussion 
Because of the buckling structures of silicene, germanene and stanene, their 
corresponding nanotubes have gear-like structures, quite different from carbon 
nanotubes. The gear-like structures of nanotubes are presented in Fig .1 (a), in which 
the cross-section and side views are given for tin armchair (8, 8) and zigzag (10, 0) 
nanotubes, respectively. Due to the gear-like structures, there are two classes of atoms 
with small and large distance to the central axis, which are illustrated using different 
colors in Fig. 1 (a). In the following discussion, the smaller one is employed as the 
radius of the nanotube, denoted as r. Actually, choosing the bigger one or the average 
value as the radius of nanotube has no influence on the results discussed below. 
First, we begin with the discussions of the thermodynamic stability of the group Ac
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IV nanotubes. Of course, there are no doubts about the thermodynamic stability of 
carbon nanotubes for there are many applications in both electronic and optical fields. 
It has been reported that silicon nanotubes could be stable at about 500K from the 
molecular dynamics simulations [35]. In order to investigate the thermodynamic 
stability of carbon, silicon, germanium, and tin nanotubes systematically, here we have 
performed the calculations of the phonon spectrum for carbon, silicon, germanium, and 
tin nanotubes with different radii and chiral vectors. As examples, here we only present 
the phonon spectrums of armchair (8, 8), and zigzag (10, 0) nanotubes respectively, as 
shown in Fig .1 (b) (c). From these results, we see that there are no imaginary 
frequencies throughout the entire Brillouin zone, indicating the stability of nanotubes 
formed by carbon, silicon, germanium, and tin, respectively. 
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Fig. 1. (a) Structures of tin armchair (8, 8) and zigzag (10, 0) nanotubes. The two classes 
of atoms in gear-like structures are distinguished by color. Calculated phono spectrums of 
armchair (8, 8) (b) and zigzag (10, 0) (c) nanotubes formed by carbon (b1, c1), silicon (b2, c2), 
germanium (b3, c3), and tin (b4, c4), respectively. 
In Fig. 2, we present the band structures of armchair nanotubes with chiral vectors 
of (3, 3), (8, 8) and (13, 13) for carbon, silicon, germanium, and tin, respectively. There 
are two high symmetry points in the 1D Brillouin zone of nanotube, namely Γ point 
with k = 0 and X point with k = ±π/a, where a is the lattice constant of nanotubes. There Ac
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is another important point between Γ and X for armchair nanotubes, namely K (k = 
2π/3a). According to BZ folding scheme, the Dirac cones located at (2 3aπ , 2 3aπ ) 
points in two dimensional BZ of corresponding 2D monolayers is folded into K (k = 
2π/3a) in 1D Brillouin zone [22-24]. Therefore, there are two special points which have 
much influence on the magnitude of band gaps for armchair nanotubes, namely, Γ and 
K points. For carbon nanotubes, as shown Fig. 2(a), we see that they exhibit metallic 
properties with zero gaps and the Dirac cones are located at K point, which is in 
agreement with previous theoretical studies [22-24]. For silicon nanotubes, as shown in 
Fig. 2(b), there are energy gaps at K points, and here we denoted as gK, namely the 
difference between the conduction band minimum (CBMk) and the valence band 
maximum (VBMk) at K point. With the increasing radii r of silicon nanotubes, the gK 
will decreases dramatically. Compared with carbon nanotubes, opening a gap gK is 
attribute to the lower symmetrical gear-like structures of silicon nanotubes [22]. For the 
germanium and tin armchair nanotubes, the variation of gK as a function of r is the same 
as that of silicon nanotubes. However, the band structures of germanium and tin 
armchair nanotubes at Γ are totally different from those of both carbon and silicon. 
From Fig. 2(c) and (d), the germanium (3, 3) and tin (3,3) nanotubes have a direct band 
gap located at Γ point where it is much smaller than that of K point, denoted as gΓ, 
representing the difference between the CBMΓ and the VBMΓ at Γ point. With 
increasing r, the gΓ becomes larger while the gK smaller. For the (8, 8) and (13, 13) 
nanotubes of germanium and tin, gΓ are larger than gK, and gK become the real band 
gaps of the nanotubes. Taken together, it is clear from Fig. 2 that, for armchair 
nanotubes formed by group IV elements, gΓ and gK exhibit different variation trends as 
the functions of r, which are important to determine the band gaps of the nanotubes. 
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Fig. 2. Band structures of armchair (3, 3) (1), (8, 8) (2), and (13, 13) (3) nanotubes for carbon 
(a) silicon (b) germanium (c) and tin (d), respectively. 
Motivated by above calculations, we investigate the changes of gK and gΓ of 
armchair nanotubes as the functions of r. In Fig. 3(a), we present the changes of the 
CBMK and the VBMK of armchair nanotubes for silicon, germanium and tin as the 
functions of r, in which the Fermi levels are set to zero. By fitting our calculated results, 
we find that the CBMK obeys a 1/r scaling law while VBMK a -1/r scaling law. 
Moreover, the changes of the CBMK and the VBMK are symmetric regarding to the 
Fermi levels. Very interestingly, we reveal that the scaling laws are independent of the 
type of the constitute elements. 
To validate the universality of such scaling laws of the CBMK and the VBMK for 
armchair nanotubes with different chiral vectors, we also calculate the CBM and the 
VBM of zigzag (m, 0) nanotubes as the functions of r. According to the BZ folding 
scheme, the K point in 1D Brillouin zone of armchair nanotubes is corresponding to Γ Ac
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point in that of zigzag nanotubes when m = 3q (q is an integer) [22-24]. The calculated 
results of the CBM and the VBM for zigzag nanotubes are plotted in Fig. 3(b). 
Obviously, the CBM and VBM oscillates with m in a period of 3 for silicon, germanium, 
and tin zigzag nanotubes. When m = 3q (q is an integer), both the CBM and VBM of 
zigzag nanotubes also obey the same scaling laws (the functions of r) as those of 
armchair nanotubes. When m ≠ 3q, both the CBM and the VBM have small shifts above 
or below ±1/r, and the reason have been discussed previously [22-24]. Furthermore, we 
reveal that the scaling laws are also independent of the chiral vectors. This is to say, if 
the band gaps are determined by the CBM and the VBM at K points, the values of the 
band gaps for both armchair and zigzag nanotubes can be obtained by only knowing 
the radii r. Here we have noticed that the previous studies of the silicon nanotubes could 
not give a consistent result of band gaps of armchair and zigzag nanotubes [21]. 
Now, we turn to study the changes of the CBMΓ and VBMΓ of armchair nanotubes 
as the functions of r. Fig. 3(c) gives the changes of the CBMΓ and VBMΓ with r for 
carbon, silicon, germanium and tin nanotubes, respectively. By fitting the calculated 
results, we find that there are three features for the changes of the CBMΓ and VBMΓ 
with increasing r. Firstly, the values of the CBMΓ increase as -1/r2+C1 while the VBMΓ 
decrease as 1/r2+C2 scaling laws, where C1 and C2 are constants. Here, for germanium 
and tin nanotubes, the constants C1 and C2 are the values of the CBMΓ and VBMΓ of 
the corresponding 2D monolayers. Secondly, for carbon and silicon armchair nanotubes, 
there are no crossovers between the CBMΓ and the VBMΓ at Fermi levels. However, 
for germanium and tin armchair nanotubes, there are crossovers between the CBMΓ and 
VBMΓ at Fermi levels for a given r, namely (3, 3) nanotubes for both germanium and 
tin. Thirdly, the changes of the CBMΓ and VBMΓ as function of r are asymmetric Ac
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regarding to the Fermi levels since it is obviously that the absolute values of the CBMΓ 
and the VBMΓ are not equal when radius of nanotubes becomes infinite. 
 
Fig. 3 (a) The calculated values of the CBMK and VBMK of armchair nanotubes formed by 
group IV elements as the functions of r. The red lines in (a) present the scaling law of ±1/r, and 
the dash dot line presents the Fermi levels. (b) The calculated values of the CBM and VBM of 
zigzag nanotubes for silicon, germanium and tin, respectively. (c) The values of the CBMΓ and 
VBMΓ of armchair nanotubes versus radii of carbon, silicon, germanium and tin respectively. 
The dash dot line present Fermi level in both (c) and (d). 
Based on our above findings, we can determine the band gaps of various nanotubes 
formed by group IV elements for a given radius. From Fig. 3(c), for carbon and silicon 
nanotubes, the CBMK is always smaller than the CBMΓ whereas the VBMK is larger 
than VBMΓ, and therefore the band gaps of carbon and silicon nanotubes are only 
determined by gK, as we can see from Fig. 4(a) and (b). For germanium and tin 
nanotubes, when r is small, the CBMΓ is smaller than the CBMK and the VBMΓ is larger Ac
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than the CBMK, the band gaps are determined by gΓ. When r is larger than ~ 6Å, the 
CBMK is smaller than the CBMΓ and the VBMK is larger than the VBMΓ, so the band 
gaps of nanotubes are determined by gK. This is to say, for germanium and tin nanotubes, 
as r increase, band gaps will increase firstly and then decrease, as shown in Fig. 4(c) 
and (d). However, for carbon nanotubes without the gear-like structures, gK always 
equals to zero, and we regard it as an exception. Band gap properties of zigzag 
nanotubes with small radii for carbon have been explained by hybridization of the π 
and σ states [36-38] as well as the silicon nanotubes [21]. 
 
Fig. 4. Band gaps of nanotubes of (a) carbon, (b) silicon, (c) germanium and (d) tin with 
different chiral vectors and various radii, respectively. The red and black lines show the results 
of zigzag and armchair nanotubes, respectively. The chiral vectors of nanotubes is signed for 
some representative nanotubes. 
It should be noticed that, for germanium (4, 4), (5, 5) and tin (5, 5) nanotubes Ac
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which their radii are close to ~ 6 Å, the CBMΓ is smaller than CBMK, but the VBMK is 
larger than VBMΓ, therefore the band gaps of nanotubes are determined by both the 
CBMΓ at Γ points and the VBMK at K points. This results originated from that the 
changes of the CBMK and VBMK are symmetric and the CBMΓ and VBMΓ are 
asymmetric regarding to the Fermi levels. In Fig. 5(a) and (b), we have plotted the band 
structures of germanium (5, 5) and tin (5, 5) nanotubes, respectively. It is clear that for 
both the armchair nanotubes, the VBM located at K and CBM located at Γ, resulting 
the indirect band gap properties. This is the first prediction about the indirect nanotubes 
for germanium and tin. Since the DFT-GGA calculations always underestimate the 
band gaps, we also do calculations by using the hybrid density functional HSE06 [39, 
40], the results are present as inserts in Fig.5(a) and (b) respectively. Our calculations 
further verify there exist indirect band gap nanotubes. 
 
Fig. 5. Band structures of armchair nanotubes of (a) Ge (5, 5) and (b) Sn (5, 5), respectively. 
The corresponding results of HSE06 calculations are shown as inserts separately. 
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4. Conclusion 
In summary, using the first-principles calculations, we have discussed the band 
gap properties for nanotubes formed by group IV elements. We have revealed that the 
energy gap gK obeys a symmetric 1/r scaling law, while gΓ obeys an asymmetric -1/r2+C. 
We also have revealed that the scaling law of gK is independent of both the chiral vector 
and the type of elements. Based on these scaling laws, the band gaps of IV element 
nanotubes can be easily determined by the given values of radii. Interestingly, we first 
predicted that there exist the indirect band gap nanotubes for germanium and tin which 
may have potential applications in nanodevices. 
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